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HALINA SWIATAK

ABSTRACT. The purpose of this paper is to show a general method
which allows one to find all the continuous (and sometimes also all the locally
integrable) solutions of functional equations by considering solutions of class
C™. One can do it if one is assured that all the continuous (or all the locally
integrable) solutions of a given equation are functions of class c™ or C™.
Such a property is characteristic for the solutions f: R™ - R of the equations

k

O) 2 aix Of@x D) = F(x, A (), « - ., fAL(X)) + b(x, 1),
i=1
where x € R", t €R", n > 1, r > 1 and where the functions ¢;: RN

R™, Aji R" — R", a;: R"*" > R, b: R"7 — R, F: R"+* -+ R satisfy some reg-
ularity assumptions and the assumptions which guarantee that an equation
obtained by differentiating () and fixing ¢ is of constant strength, hypoelliptic
at a point xo. A general theorem, concerning the regularity of the continuous
and locally integrable solutions f of (s), is formulated and proved by the reduc-
tion to the corresponding problem for the distributional solutions of linear par-
tial differential equations.

1. Introduction. It often happens in functional equations that very weak
regularity assumptions allow one to prove that all the solutions which satisfy
these weak assumptions are functions of class C*.

There exist numerous examples of functional equations, with unknown
functions depending on one variable, for which the continuity at single points
implies continuity, differentiability, or even analyticity, everywhere. Such equa-
tions will not be considered here.

Many results of this type are known also in the theory of partial differential
equations. For instance all solutions of an elliptic differential equation with ana-
lytical coefficients and analytical forcing term are analytic functions; all solutions
of an elliptic differential equation with C* coefficients and C™ forcing term are
functions of class C*; all solutions of an elliptic differential equation of order
1 < m with coefficients and forcing term of class C™ are functions of class C"™.
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(Similar statements are true for a larger class of differential equations, namely,
for differential equations of constant strength hypoelliptic at a point.) Hence it
follows immediately that if a functional equation implies, e.g., an elliptic differ-
ential equation of order m with C™ coefficients and C* forcing term, then all its
solutions of class C™ are C™ functions. This information can help to solve such
an equation in the class C"™ since some resulting differential equations of higher
order may then be considered.

However, when investigating a functional equation, one is interested not
only in its solutions of class C™, but also in its continuous or less regular solu-
tions.

It will be shown that if the equations considered are such as to imply linear
partial differential equations of order m, of constant strength, hypoelliptic at an
xq, with C* coefficients and C* forcing term, then not only solutions of class
C™ but also all continuous solutions are functions of class C*. Therefore, to
solve such an equation in the class of continuous functions, one may reduce it to
differential equations and find differentiable solutions, being assured that no other
continuous solutions exist.

Theorems presented in this paper allow one to recognize functional equa-
tions for which this method can be applied.

The paper investigates equations of the form

k

1.1 X a(x Ofglx, 0) = Fix, fA (), - . -, fA)) + b(x, 9),

i=1
where x ER™, tEQCR, n>1,r>1,¢,;: R" x Q—>R",)\j: R" — R",
g:R" x Q— R, b:R" x Q— R, F: R*"** =R,

Proofs of the regularity of the integrable solutions of similar classes of func-
tional equations are well-known when n = r = 1 (see e.g. J. Aczel [1, pp. 183—
209]). All these proofs apply classical analysis methods which fail if n > 1.

In this paper a distributional method (different than that one used by the
author in [19]) is used.

Other distributional methods were applied by 1. Fenyo [6], [7], [8] to
solve some functional equations with unknown functions depending on one vari-
able, by A. M. Garsia [13] and by A. Friedman and W. Littman [12] in connec-
tion with mean value equations, by G. Choquet and J. Deny [4] to prove some
properties of harmonic functions and by J. A. Baker [3] in connection with a
functional equation being an analogue to the wave equation.

Equations (1.1) include the well-known mean value equations

K k
(1.2) > mflx + oyt) = fix) with )" ;=1
i=1 i=1
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and, therefore, have a small overlap with the generalized mean value equations
(1.3) ff(x + rt) du(r) = 0,

where u is a finite complex Borel measure supported in the closed unit ball in
R". Different properties of equations (1.2) and (1.3) were studied, e.g., in [8] —
[14], [17], [28]. (For more references concerning (1.3) see [28].) It is not
the aim of this paper to generalize those results although, e.g., in the case

¢:(x, t) = x + ¢,(t) some such generalizations are possible (see B. Lawruk and
H. Swiatak [16] and H. $wiatak [25]).

The regularity of the continuous and locally integrable solutions f of (1.1)
is the only property which will be studied here. One should add, for the sake
of completeness, that a much stronger result concerning the regularity of the
function f satisfying (1.2) was obtained by M. A. McKiernan [17]. Also the
paper [21] dealing with a special case of (1.1), namely, ¢,(x, ) = x + ¢,() and
F(x, uy, . .., ug) =0 proves some stronger results. (The papers concerning (1.3)
assume the continuity of f.)

2. Notation and definitions.
xy, &En0ER"t,a ER",
p=@;...,p,), where the p; are integers 2> 0,

9=y ..-,q,), where the g, are integers > 0,

Pl=py+---+p, lal=q, +---+q,

alp! alal
DP=DF = ——or  Dl=p =—
x ax’l’l .. .axﬁn t at‘lll .. .atgr

supp ¥ = {x: Y(x) # O},
D= {y: ¥: R"" — R, ¥ €EC” in R", supp ¥ is compact}.

We say that a sequence Y, — 0 in D if there exists a compact set E C R"
such that for every v, supp ¥, C E and DP,, — 0 uniformly for each p.

The operator T: ¢ € D — (T, ¢) €ER is called a distribution if it is linear,
and continuous in the following sense: If Y, — 0in D, (7, ¥,) — 0 in R.

The set of all distributions in R" will be denoted by D'. (T, ¥) will be
denoted also by (T(x), ¥(x)), -

Let © C R”, and assume 6: R" x  — R. Then for each fixed ¢ € Q,
©,(x) = 0(x, 1) defines a function ®,: R" — R. In analogy to the above, if
©,EDand T € D', we may define

7(?) = (T, 8,) = (T(x), 6(x, 1)),.
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We will also need notation for functions from R" x Q — R":
O(x, ) = (®,(x, 1), ..., D,(x 1),
Dio(x, D = (D}®,(x, 1), ..., Di®,(x 0),
®: R" x Q@ —R", ®:R"xQ—R,

¢i(x’ t) = (¢i1(x’ t)’ L ] ¢m(x» t))’
D¥¢i(xn t) = (Dg¢i1(x’ t)’ ey D?¢1n(x’ t))»

¢;: R" x @ —R", ot R" x Q —R,

wherej=1,...,nandi=1,...,k.
If p=(p,,...,p,) is an n-tuple of nonnegative integers and & = (§,,
-» £,) ER", we define P by & = 1 - - - £Pn,

We say that ® € C™ in R" x , where £ is an open set contained in R",
if®;€C™ inR" x Qforj=1,...,n We shall often write ®(x, Hecm
instead of ® € C™. _

We write ®(x, £) € C™ in R" for each fixed ¢ € Q if the functions ®,: R"
— R™, defined by ®,: x > ®,(x) = ®(x, ), are functions of class C™ in R"
for all parameters ¢t € 2.

Ifa:R® x Q — R and if the functions a,, defined as x > a,(x) = a(x, 1),
are functions of class C"™ in R" for all parameters ¢ € Q, we write a(x, 1) € cm
in R™ for every fixed t € Q.

A distribution T € D' is said to be a function of class C* if there exists a
function f € C™ in R" such that

(T, )= f fx)Y(x) dx for each Y € D.
R”
The definitions of ellipticity and hypoellipticity as well as the definition of

a differential operator of constant strength can be found, e.g., in [15, pp. 177;
99, 100; 171, 35, 10].

3. Basic theorems. This chapter contains some well-known theorems which
will be applied later. All of these can be found in [15], [18] and [27] but it is
convenient to list them and to refer to this chapter in the proofs.

THEOREM 3.1. If T € D', then the equality
(DPT, ¥) = ~1)P(T, DPY) for each Y €D
defines the new distribution DPTE€ 7'.

THEOREM 32. If TE D', a € C™ in R", then the equality



CONTINUOUS SOLUTIONS OF FUNCTIONAL EQUATIONS 101
@T, V)= (T, ay) foreachy €D

defines the new distribution aT € 7.

THEOREM 33. If T € 1, and the mapping x > ®(x) is a diffeomorphism,

then the equality
1

a0,
T@(x), ¥(x), = (70’), Ul(@‘l(y))ldet >, I)y for each Y €D

defines the new distribution T o ® = T(®)E D'.

THeOREM 34. IfTE D', 0(x, ) €EC™ in R" x G, where G is an open set
inR",©, € C” in R" for every fixed t € G, and if there exists a compact set
E C R" such that supp ©, C E for each t € G, then ¥(t) = (T(x), 0(x, 1)), is of
class C™ in G and

Dy(t) = (Tx), DI6(x, ), inG

forlgl<m.

THEOREM 3.5. For every T € D' there exists a sequence of functions f, €
C” in R" such that

(V)= (T, V) whenv —> e
for each Y € 1.

THEOREM 3.6. If the differential operator
Kx’ D) = Z ap(X)Dp
Ipi<m
is of constant strength in R", hypoelliptic at an x,, and if a, € C*,bEC™ in
R™, then every distributional solution T of the equation

2 a,()DPT(x) = b(x)

lpIl<m
is a function of class C* in R" (see Hormander [15, p. 176]).

THEOREM 3.7.A. Every elliptic differential operator P(x, D) =
Z\p1<m3,(x)D? is of constant strength (see Hormander [15, p. 177]).

THEOREM 3.7B. Every elliptic differential operator P(x, D) =
Zpi<m ap(x)D” is hypoelliptic for every fixed x,.

THEOREM 3.7.C. Every distributional solution T of the elliptic differential
equation Z, < ,, ,(x)DP T(x) = b(x), where a, € C*and bEC” inR", isa
function of class C™.
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THEOREM 3.8. Every distributional solution T of the hypoelliptic differ-
ential equation

2 4,DPT(x) = b(x),

lpI<m
where b € C* in R", is a function of class C*.

4. Preliminary results. To prove some theorems on the regularity of the
continuous and locally integrable solutions f of equations (1.1) one needs the
following lemma:

LEMMA 4.1. IfTE D', a(x, t) € C™ in R for every fixed t from an open
set Q CR", a(x, ) €EC™ in R™ x Q, x +—> d(x, 1) is a diffeomorphism in R"
for every fixed t € Q, ®(x, t) and its inverse = (y, t) are functions of class
C™ in R® x Q, then

@4.1)  D(alx, HT(@(x, 1)), ¥(x)), = (DF(a(x, DT(D(x, 1)), Y(x)),
for lgl < m and for each Y € D.

In the special case, where a(x, ) = a(f) and ®(x, t) = x + $(¢), the proof
presented below can be considerably shortened (see H. Swiatak [19, pp. 15, 16]).
However, the method of [19] cannot be so easily applied in more complicated
cases and seems to be useless if ®(x, £) # x + ().

Before we prove Lemma 4.1, we shall establish some other lemmas which
simplify the proof.

LEMMA 42. Iff,€C” in R" for each v, TE U, x > ®(x, t) is a diffeo-
morphism in R" for every fixed t € Q C R, and if (f,, ¥) — (T, V) when
v — o for each Y € D, then

(@ D), ¥(x)), — (T(@(x, 1)), Y(x)), whenv —> =
for each Y €.
PROOF. Let

K@, 1) = |det 30, ' (y, N3y, |.

(This notation will be used also in the other lemmas of this chapter.)
It follows from Theorem 3.3 and from our assumptions that

(,(@Cx, 1), Y(X), = (£,0), V(@' 0, KO, 1),
— (T0), Y@~ ', DKO, 1), = (T(@(, 1), YX)),-

(It is easy to see that the functions ¥,: y — ¥,(y) = Y@@, DK@, 1) are
elements of the space 0.)
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LeMMA 43. Iff, €C™ in R" for each v, TE V', x \—> &(x, t) is a dif-
feomorphism in R™ for every fixed t € Q C R', and if (f,, ) — (T, V) when
v — o for each Y € D, then

2
(53, #0609 = (5T 0, ¥00) | when v~ =
for each Y € D.

Proor. In view of Theorems 3.3 and 3.1 and in view of our assumptions

(555 005 00, 909)_ = (51,00, ve@~02 K0 )

9

=-(n02. 35

W@, DKG, :»)
y

()

—— (T(y), E W@ ', DK, t)))y

= (2 - = (2
= (55, T ¥@™10 00, 0) = (35 1005 0, ve0)
when v —> oo for each Y € D.

LEMMA 44. IffEC™ in R", a(x, ©) € C™ in R™ for every fixed t from
an open set Q CR", a(x, ) EC™ inR" x Q, x >y = ®(x, 1) is a diffeomor-
phism in R for every fixed t € Q, ®(x, 1) EC™ in R" x Q, then

D(a(x, )f(@(x, 1)), ¥(x)), = (DF(a(x, DAD(x, 1)), Y(x)),
for gl < m and for each Y € D.

ProoF. Notice that A(x, £) = a(x, ) (®(x, 1))Y(x) is a function of class
C™ in R" x Q and therefore

DA(a(x, D@, 0), V), = D? [alx, DADE, HIWE) dx,
[ D3, D@, W) dx = (DI atx, HAR(, D), ¥,
for lg] < m and for each ¥ € D.

LEMMA 45. IfTE D, alx, t) € C™ in R™ for every fixed t from an open
set QC R, a(x, ) ECY inR" x Q, x>y = &(x, t) is a diffeomorphism in
R"™ for every fixed t € Q, ®(x, ) and its inverse ®~'(y, 1) are functions of class
Cl in R x , then

D(a(x, OT(D(x, 1)), ¥(x)), = (DF(a(x, DT(D(x, 1)), ¥(x)),
for gl = 1 and for each Y € D.
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ProoF. By Theorem 3.2 and Theorem 3.3 we obtain

D(alx, NT(2(x, 1), ¥(x)), = DU(T@(x, 1)), alx, HY(x)),

4.2)
=DY(T(), 81y, 1)),

where

4.3) 8¢, D) = a(@'(, O, DY@~ O, KO, 1).

We have to establish that one can apply the formula given in Theorem 3.4
for t € Q. To do this it is sufficient to show that the assumptions of Theorem
3.4 are satisfied for ¢ from every bounded and open set G C .

It is easy to see that the function

0,y > 0,0) =00, 1) =a@ ', O, W@ B, DK, )

is a function of class C* in R™ for every fixed ¢ € Q and that 8(y, {) €C! in
R"™ x Q. This holds also for any G C Q. Let us fix an arbitrary open and
bounded set G C Q.

We are going to show that for each Y € D and for each compact set F such
that G C F C Q, there exists a compact set E C R" (E dependent on { and on
F) such that

4.4 tleJF supp ©, C E.
Notice that
supp ©, = supp ¥, N supp K, C supp ¥,,
where
Ty > 1,0) = ¥@'0, 1),
K;:y— K () =a@ ', 1), DK@, 0).

Therefore, to prove (4.4), it is enough to show that the set U:eF supp ¥, is
compact and take this set as E.

The compactness of the set U,z supp ¥, becomes obvious when one
observes that this set is the image of the compact set supp ¥ x F under the con-
tinuous mapping ®. In fact,

U supp ¥, = U @,(supp ¥) = ®(supp ¥, F),
tEF t€EF

where ®,(x) denotes ®(x, ¢) with a fixed ¢ and

®(supp ¥, F) = {y: y = ®(x, 1), (x, 1) Esupp ¥ x F}.

It is known that the image of a compact set under a continuous map is
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compact and this finishes the proof of the fact that the formula of Theorem 3.4
can be applied.
Applying this formula one obtains

@3) D(TY), 60, 1)), = (TV)), DI6(, 1)),

where || = 1 and 8(y, 1) is given by (4.3).

In view of Theorem 3.5, there exists a sequence of functions f, € C* in R"
such that (f,,, ¥) — (T, ¥) when v — oo for each Y € 0. In particular, it is so
for the functions y —> D36(p, £).() Therefore

(46) (T0), D00, 1), = lim (£,0), D6, 1),
and applying once again Theorem 3.4, one obtains
) Jlim (7,0, DF60, ), = lim D*(7,(7), 00, 1),

Taking into account (4.3) and applying Theorems 3.3 and 3.2 yields
(K,0), 00, D), = (1,0), @@, D), W@ . DKG, 1),

= (f,(@(x, 1)), a(x, DY), = @(x, 1), (@(x, 1), Y(x)),-
Now, (4.7) can be written as

@8  Im(,0), D00, ), = lim Datx, 0B, 1), V().

Applying Lemma 4.4 and taking into account the assumption lg| = 1, one
obtains

D(a(x, Of,(@(x, 1)), ¥(x)), = DF(a(x, OF,(2(x, 1)), Y(x)),
= (D‘;’a(x, t)f,,(<l>(x, t)) + a(x, t) ing'pl‘(x’ t) ';Tifv(Q(xs t)), W(x))
j= X

= (Dja(x, 0f,(@(x, 1)), ¥(x)),

3 2
+ El (a(x, t)D‘,'(I),(x, 1) Ef,(@(x, ), ‘(,(x))x.

(1) Our assumptions imply immedlately that an(y, ) € €™ in R" for every fixed
t € Q. The support of the function (y, t) > DY 00 t) is contained in the support of the
function (y, £) = 6(y, t) and therefore the support of the function y —» DtO(y, t) with a
fixed ¢ is contained in the support of the function y > 6(y, ¢) with the same fixed 7. Since
this last support is compact, the first one has to be also compact. (It is a closed subset of
a compact set in R" and its compactness is obvious.) However, we do not need to prove
that y » D9 10(», t) is an element of D for any fixed t € £ since such a proof is already con-
tained in the proof of Theorem 3.3.
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In view of Theorem 3.2, the last equality can be written as

D(a(x, 0)f,(@(x, 1)), ¥(x)), = (f,(®(x, 1)), Dia(x, t)¥(x)),

&[0
+ j};_:l ( E £, @, 1), a(x, NDFP(x, t)d/(x))x.
Substituting this into (4.8) and applying Lemmas 4.2 and 4.3 yields
.,l.i."l(f"(y)’ Di6@, 1)), = (T(®(x, 1)), Dia(x, )Y (x)),

X

/0
+ 3 (5 706 ), ats, D012 5 06

By Theorem 3.2 and by the definition of a distribution one obtains

Jlim (7,), Di6@, 1)), = (Dalx, DT(B(x, 1)), Y(x)),

+ (a(x, ) % DIex. 5%— T@(, 1)), w(x)>x

= (Dga(x, DT(@(x, ) + alx, 1) f Di®(x, 1) g% T, 1)), w(x))
j=1

X
Since |g] = 1, the last equality can be written as

,Efl(f"o))’ Di6@, 1), = (Df(alx, HNT(@(x, 1)), Y(x))y,

and taking into account (4.6), (4.5) and (4.2), one obtains the equality
DAa(x, DT(@(x, 1), ¥(x)), = DF(alx, HT@(x, 0)), ¥(x)),

which finishes the proof.
ProoOF OoF LEMMA 4.1. It follows from Lemma 4.5 that Lemma 4.1 is true

form=1.
Suppose that (4.1) holds also for m — 1 and let lg*| =m — 1, lg**| = 1.
Then, in particular,

49) DT (7" *a(x, NT@(, 1), Y(x)), = OF "OF " "alx, NT(@(x, 1)), Y(X)),
and

27 (ae, 00916, 1 3 7O ), ¥09)

.10 o .e
(4.10) = (07 atx, 908", 3%1 TG, 1), V)

forj=1,...,n and for each Y € D since, in view of our assumptions,
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D9*%a(x, t) € C™ and a(x, t)D‘,’"@,(x, t) EC” in R" for every fixed 1€ Q C
R" and since D" "a(x, 1) € €™~ and a(x, D" "®,(x, NEC™ ! in R" x Q.
Any r-tuple g such that lg| = m can be written as ¢ = q* + ¢**, where
lg*| =m — 1 and lg**| = 1.
Therefore, applying Lemma 4.5 and taking into account (4.9), (4.10) and
the definition of a distribution, one obtains

D(a(x, OT(@(x, 1), Y(x)), = D?" D" *(alx, HT@(x, 1)), ¥(x)),
=DV (D" (alx, HT(@(x, 1)), Y(X)),
= 07" (D" atx, T @(x, 1))

+atx, 9 j)": D8, ) 5 TO, ), V)
=1 x
=7 .(Dg..a(X, t)T(q)(x’ t))’ 1[1(x))x

+ 3> 07 (o, 008" 0,05, g, TOG, 0),96))

=1

= (D7° (D" "alx, HT@(x, 1)), ¥(x)),

+ 5 (0r"(ate 00105, 0 - 70 ). ¥
= (o8 (p3"*ats. DO 1)

L *s a
+a(x, 1) 1§1 DI" ®(x, 1) 5; T(d(x, t))) , w(x))x

= (D?"DY"*(alx, DT(@(x, 1)), Y(x)),
= (D (a(x, )T(D(x, 1)), V(x)),
for each Y € D.

S. General regularity criterion. The purpose of this chapter is to prove a
general theorem concerning the regularity of the continuous and locally integrable
solutions f of equations (1.1).

THEOREM 5.1. Suppose that

1° afx, 1) € C™ and b(x, £) € C* in R" for every fixed t from an open
set QCR",i=1,...,k,

2° ax, DEC™ and b(x, ) EC™ inR" x Q,i=1,...,k,
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3° the mappings x \— y = ¢(x, t) are diffeomorphisms in R" for every
fixedt€Q,i=1,...,k,

4° ¢x, t) € C™ and its inverse 7 '(y, ) EC™ inR" x Q,i=1,...,k,

5° F(x, uy,...,u,)is continuous in R"*,

6° \(x) are continuous in R",j=1,...,s,

7° there exists an a € Q such that px,)=xfori=1,...,k,

8° there exists an r-tuple q (Iq] < m) such that the equation

k
.1) b ( iEl a,(x, Dfi(x, t))> L:a =0
with the left-hand side obtained by formal differentiation of the left-hand side
of equation (1.1) and by setting next t = a is of constant strength, hypoelliptic
at an x,.

Then every continuous solution f of equation (1.1) has to be a function of
class C* and every locally integrable solution f has to be a function of class C™
almost everywhere.

Proor. Notice first that every continuous function which is equal almost
everywhere to a function of class C*, is also a function of class C”. In fact,
two continuous functions can be equal almost everywhere only if they are iden-
tical.

Since all the continuous functions are locally integrable, it is sufficient to
prove that every locally integrable solution f of equation (1.1) has to be equal
to a function of class C™ almost everywhere.

It is known that every locally integrable function f can be identified with
the distribution f defined by the equality

52) G¥)= [ o) dx
Rn

for each Yy € D.

Similarly the function x +> F(x, f(A;(x)), . . . , f(\;(x))) which is locally
integrable in view of 5°, 6°, and the assumption on the local integrability of the
function f can be identified with the distribution T defined by

(53) Tp¥)= [ Fou fO40), - - - OGN() dx
Rn

for each ¥ € D.
Analogously
(54) 0, 1), Y@, = [ b ) dx

R
for each Y € D and
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(5.5) @,(x, Df((x, D), Y(x)), = f ”a,(x. 0f(¢;(x, DY(x) dx

R

foreachy €ED(i=1,...,k) define the distributions for any fixed ¢ € Q.
Equation (1.1) implies

k
) [ o, 076,00 WG dx
= Rn
= j Fx, (%), - - - s fAGNY(x) dx +f bx, DY (x) dx
R" R"

for each Y € D.
In view of (5.3)—(5.5) this can be written as

K
(5.6) ‘Z @,(x, Of(9,(x, D), Y = (Tg, ¥) + G, 1), ¥(x)),
=1

for each ¥ € .
It is easy to see that
7% V) = (ai(x, t)f(¢1(x' ), d’(x))x’ i=1,...,k
and

1t ¥) = @, 1), Y&,

satisfy the assumptions of Lemma 4.1 and therefore the derivatives D?y,(t, ¥)
@=1,...,k)and DI9(t, ¥), where |g| < m, exist and are given by
m71(t’ ‘I’) = (D?(ai(xn t)f(¢|‘(x’ t)))’ 'p(x))x’ i= 19 LA ] k,

and

Dt ¥) = OFbx, 0, ¥(x)),

for gl < m.
Since (T, ¥) does not depend on ¢, DY(Tg, ¥) = 0 and differentiating
(5.6) yields

5.7 i Di(@afx, Of@x, D)), ¥(x)), = DFbx, 1), Y(x)),
i=1
for each ¥ € D, and for [g| < m.

Applying well-known formulas on partial differentiation we can write (5.7)
in the form

68) X X (plx D05 D), Y, = OFbx 1, YOOI,

i=1 IpI<iql
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for each ¢ € D and for lg| < m. Here

D fi9x, 1)) = D5 f) L=¢,(x,:)

and the coefficients cp,-(x, t) depend on D;"'a,_(x, t) and D§7 ¢_,-i(x, ), wherej =1,

.»n, |g] < lgl <m. The existence of Dia(x, ) and Di¢;(x, t) (=1, ...,
k. j=1,...,n) as well as the existence of Db(x, ?) is ensured by 2° and 4°.
Assumptions 1° and 3° guarantee that these functions are functions of class C*
in R for every fixed t € Q. Therefore the coefficients cp,(x, t) are functions of
class C* in R™ for every fixed ¢ € Q.

Putting ¢ = « in (5.8), and taking into account assumption 7°, one obtains

(9) > C@Dfx), ¥(x), = (B, @), Y,

IpiI<iql

for each ¢ € D and for |q| < m, with
3
cp(x) = .Z:lcpi(x, ).
i=
Equation (5.9) can be written shortly as

(5.10) T SxDPfx) =blx, @) (lgl <m).

IpI<lql
Equation (5.10) is a distributional differential equation with a C* forcing term
and with C* coefficients. It follows from our proof that equation (5.10) has
the same form as the equation which can be obtained by formal differentiation
of equation (1.1) and evaluation for t = a. Equation (5.10) is of constant
strength, hypoelliptic at an x,, if and only if the equation

(5.11) 2 SDPAx)=0 (ql<m)

pI<lql

has the same properties.

Since equation (5.11) and equation (S.1) coincide, assumption 8° guarantees
that there exists an r-tuple ¢ (Ig] < m) such that (5.11), and consequently also
(5.10), is of constant strength, hypoelliptic at an x,,. Therefore, applying Theo-
rem 3.6, one concludes that every distribution f satisfying equation (5.10) is a
function of class C*, i.e., that there exists a function TE C* such that

&y = f Fx)¥(x) dx for each ¢ € D.
Rn

Hence it follows that every locally integrable function f which is identified with
the distribution f by equality (5.2) has to be equal almost everywhere to a func-
tion of class C*.
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This finishes the proof.

6. Simple regularity criteria. The regularity criteria given by the author in
[22] concern the linear functional equations of the form
m

6.1) Y a(x, Ofix + ¢,(1) = flx).

i=1

Applying Theorem 5.1 one can obtain analogous simple regularity criteria for the
continuous and locally integrable solutions f of nonlinear functional equations
k

6.2) if_jl a(x, Oflx + ¢(0)) = Flx, fA, (X)), - - ., fA(X))) + b(x, 2).

The proofs can be done by showing that the assumptions concerning the functions
a; and ¢; guarantee that condition 8° of Theorem 5.1 is satisfied. Since condition
8° does not depend on F and on b it is sufficient to quote [22] which investi-
gated this condition in connection with linear functional equations (6.1). This
way one obtains almost immediately the following theorems:

THEOREM 6.1. Suppose that

1° afx, £) €EC™ and b(x, t) € C™ in R" for every fixed t from an open
interval ACR,i=1,...,k,

2° afx, )EC*and b(x, 1) EC* inR" x A,i=1,.. .,k

3° Fx, uy,...,u,)is continuous in R"*%,

4° )\j(x) = O‘il ™),..., )\in(x)) are continuous in R®,j=1,...,s,

5° (D= @;(®),....0,DECinAi=1,...,k,

6° there exists an a € A such that ¢ (@) =0and afx, ) >0 fori=1,
...,k and for all x € R".

If the vectors $,' =@ = @@, ..., 9,@)(=1,...,k)span the
space R", then every continuous solution f: R" — R of equation (6.2) is a func-
tion of class C™ and every locally integrable solution f of this equation is equal
almost everywhere to a function of class C*.

THEOREM 6.2. Suppose that

1° b(x, £) € C™ in R™ for every fixed t from an open interval A C R,

2° b(x, )EC*inR™ x A,

3° F(x, uy, . .., u) is continuous in R"**,

4° N = 4y &), - - - 5 Ny (x)) are continuous in R™,j=1,...,s,

5° (D= @;,®),....0,E)ECYINAI=1,...,k

6° there exists an a € A such that ¢ &) =0 fori=1,...,k,

7° the vectors 3} = ¢;(a) and $}' =¢;/@) (i =1,...,K)span the space
R,

Ay

8° K (8- 6)@) - £) =0 forall EER".
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Then every continuous solution f: R"® — R of the equation
k
(6.3) :;1 u fx + ¢(1) = Flx, fA; (X)), - - . , fA())) + b(x, t),

where ; >0 fori=1, ..., Kk, is a function of class C* and every locally inte-
grable solution f of this equation is equal almost everywhere to a function of
class C™.

To prove Theorems 6.1 and 6.2 it is enough to notice that their assumptions
imply that the assumptions 1°—7° of Theorem 5.1 are satisfied and that the
assumptions concerning a; (or ;) and ¢, are the same as in Theorem 3 (or in
Theorem 7) of [22].

In fact, it was shown in [22] (see p. 172) that, under the assumptions of
Theorem 6.1, the equation

2
o (2 ol e + 0 0)|_, =
is elliptic. In view of Theorems 3.7.A and 3.7.B, condition 8° of Theorem 5.1 is
satisfied.
The paper [22, PP 175 —186], shows that if the vectors 3, i=1,...,k)

do not span R” but ¢, and ¢, @(i=1,...,k)do, and if assumptions 5°, 6° and
8° of Theorem 6.2 are satisfied, then the equaﬁon
YS (Z Ilif(x + ¢1(t))) —a =0,

obtained by formal differentiation of (6.3), is hypoelliptic. Since every linear
partial differential equation with constant coefficients is of constant strength,
assumption 8° of Theorem 5.1 is satisfied.

Applying Theorem 5.1 as a regularity criterion, one has to verify whether
condition 8° holds in the case considered. This often requires very long calcula-
tions. Theorems 6.1 and 6.2 allow one to obtain the same results almost with-
out calculations. This way of finding continuous solutions can be entirely reduced
to finding differentiable solutions which is considerably easier to do.

ExAMPLE 6.1. The equation

fo-ttwW+fuv+t,w+flow-D+fv,w+1o)
64) = 4f@, ) + 2010, W + [+ w, v - w)]?
- [f@, VI - [fw, W%,

where ¢, v, w € R, satisfies the assumptions of Theorem 6.1 with
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¢:t—(-1,0), ¢:t—(,0), ¢5:t—(0,-1),
¢4:t—(0,8), =0,
F: (0w, uy, g, Uy, uy) — duy + 2% +ul —uj —uj,
A W)= w), AM:@w) = @E+w,u-w), A @ w)—> O ),
N 0, W) — (W, w), b:(,w, t)—0.

Therefore all the continuous solutions f of (6.4) are functions of class C* and all
the locally integrable solutions f of (6.4) are equal almost everywhere to C*
functions.

Differentiating (6.4) with respect to ¢ and setting next ¢ = 0, one obtains

(6.5) fUl)(v’ W) +fww(v’ W) = 0
and
(6’6) fvvvv(v' W) + fwwww(v’ w) =0.

Simple calculations show that the functions satisfying simultaneously (6.5) and
(6.6) have the form
flv, w) = 3@* - 3w + B(w? - 3v¥)w + F0? - wiw
6.7 ~
G + 80 -w¥) +avw +fv+ yw + 8,

where @, 8, 7, 8, a, B, v, § are arbitrary constants.
Setting v = w = ¢ = 0 in (6.4) once obtains {0, 0) = 0. Now, setting
w =t = 0 in (6.4) one concludes that f{v, 0) = 0. Therefore the substitution
w = 0 yields flv, —t) + flv, ) = 0. Setting v = ¢ = 0 in (6.4) one obtains
fw, =w)? + 20, w)? - flw, w)? =0.

The last two equalities imply {0, w) = 0.
The conditions f{v, 0) = 0 and f{0, w) = 0, together with (6.7), imply that
the continuous solutions of (6.4) have the form

(6.8) v, w) = 70* - w?ow + aow,

where 7 and « are constants.
Setting ¢ = 0 in (6.4) and substituting (6.8) into the resulting equation
one concludes that ¥ = 0. It is easy to see that

69) f, w) = aww,

where « is an arbitrary constant, satisfies (6.4). Our considerations, based on
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Theorem 6.1, have shown that the functions f defined by (6.9) are the only con-
tinuous solutions of (6.4).

THEOREM 6.3. Suppose that
1° ¢,) = (6, (®), . . ., 0;,,()) E C? in an open intewal ACR, i =1,
.,k
2° there exists an a € A such that ¢,(@) = 0 and ¢j(@) # 0 fori =1,
.k
If the equation
k

(6.10) 2 uflx + 9,(0) = flx),

where ZX_ .= 1and u; > 0 fori= 1, ..., k, is satisfied by all the polynomials

n
6.11) pix— E PjXiXps
J=T; 1

every continuous solution f: R® — R of (6.10) is a function of class C™ and
every locally integrable solution f is equal to a C*™ solution almost everywhere.

PrROOF. Substituting (6.11) into (6.10) one concludes that
K
(6.12) Zl "i¢ii(t)¢il(t) =0
=

forj=1,...,kl=1,...,kj#L
Differentiating (6.12) twice with respect to ¢ and setting next ¢ = a, one
obtains

L3
(6.13) ; ¢11(“)¢a(a) 0

forj=1,...,kl=1,... .k j#l
Simple calculations show that the equation

(6.14) Y (Z i flx + ¢:(t))) l,_
obtained by formal differentiation of (6.10), can be written as

Z E"i‘bli(a»il(a)fx x,(x) + Z Z"&;}(a)fx (x) 0,

pi=1i=1 j=1i=1

i.e., in view of (6.13),

(6.15) Z Z BB @S, . (%) + }: Z K@), (x) = 0.
i xj

j=1 i=1 j=1 i=1
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Since p; >0 and ¢j(@) # (0, ...,0) fori=1,...,k, (6.15) is an elliptic dif-
ferential equation with constant coefficients. This means that (6.14) satisfies
assumption 8° of Theorem 5.1. All the other assumptions of Theorem 5.1 are
obviously satisfied, and therefore every continuous solution f of equation (6.10)
is a function of class C* and every locally integrable solution f of this equation
is equal almost everywhere to a function of class C”. Now, the fact that every
locally integrable solution f of (6.10) is equal almost everywhere to a C* solution
of this equation follows from Lemma 2 of [21].

In analogy to Theorem 6.1 one can prove the following, more general, but
also easily applicable, theorem.

THEOREM 64. Suppose that

1° afx, £) EC™ and b(x, t) € C* in R for every fixed t from an open
interval ACR,i=1,...,k,

2° ax, DEC™ and b(x, D EC™ inR" x A,i=1,...,k,

3° the mappings x > y = ¢,(x, £) are diffeomorphisms in R" for every
fixedt€A,i=1,...,k,

4° ¢x, £) €EC™ and its inverse ¢;7'(y, HEC™ inR" x A, i=1,...,k,

5° F(x, uy, ..., u)is continuous in R"**,

6° \(%) are continuous in R", j= 1, ... ,s,

7° there exists an o € A such that ¢,(x, &) = x and a,(x, a) > 0 for all
XER" i=1,...,k

If, for every fixed x € R", the vectors

2
0= o 0|, = (Foue 0 T outs r)) |-

=Fa0 oo, X)) G=1,...,0)
span the space R", every continuous solution f: R® — R of the equation
k

(6'16) Z ai(x’ t)f(¢i(x! t)) = F(x’ ml (x))) e 9mg(x))) + b(x’ t),

i=1
where n > 1, r = 1, is a function of class C* and every locally integrable solution
f of this equation is equal almost everywhere to a C* function.

ProoF. Notice that assumptions 1°—6° of this theorem coincide with
assumptions 1°—6° of Theorem 5.1 and that assumption 7° includes assumption
7° of Theorem S.1. Thus it also remains to prove that assumption 8° of Theorem
§5.1 is satisfied.

The principal part of the equation

2 k
6.17) a%"( 2 a(x, DAg(x, t))) I = = 0

i=1
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can be written as
k n
> a6 @) 3 KyOIRGGH  00).
i=1 =1 i

The corresponding quadratic form
n

P®=Yame) ¥ 500805 = Zl"("’ a)[z (x)st >0

i=1 ihi=1

since, in view of 7°, a,(x, @) >0 forx ER", i=1, ...,k
To prove that P,(£) > O for all £ # 0 notice that P,(¢) = 0 if and only if

n
6.18) Y X =0 fori=1,...,k
i=1

If equalities (6.18) hold for a £ # 0, £ is orthogonal to all )a(,.(x) i=1,
. » k). However, this contradicts the assumption that the vectors ;,.(x) i=1,
. » k) span R™. Therefore P,(¢) > O for all £ # 0, i.e. (6.17) is an elliptic
differential equation.
By Theorems 3.7.A and 3.7.B, condition 8° of Theorem 5.1 is satisfied.

7. Final remarks.

REMARK 7.1. Theorems 3.4 and 3.7.C allow one to obtain a proof of
Theorem 6.1 without using Theorem 5.1. Similarly, Theorems 3.4 and 3.8 allow
one to prove Theorem 6.2 without using Theorem 5.1. However, these methods
(see H. Swiatak [19]) are not applicable in the case ¢i(x, 1) # x + 9.

REMARK 7.2. Theorem 5.1 is a general, but sometimes difficult to apply,
regularity criterion. However, it allows one to approach the problem of finding
simple regularity criteria in the case ¢,(x, ) # x + ¢(t). Theorem 6.4 exempli-
fies such a situation.

REMARK 7.3. Theorem 6.4 could be formulated also for r > 1.

REMARK 74. A theorem like 5.1 was announced by the author in [20]
and, together with additional results, in [23]. The paper [23] (see also [24])
announces, without a detailed proof, Theorem 5.1 and some more general regu-
larity criteria which follow from this theorem. (Adding not very restrictive
assumptions one can prove that all the locally integrable solutions f of (1.1) are
equal almost everywhere to C* solutions of this equation. The fact that every
locally integrable solution f of (1.1) is a C* function was proved by the author
under a rather strong assumption r = n. The results of [17], concerning mean
value equations, show that such an assumption is not necessary.)

REMARK 7.5. Lemma 4.1 can be used to prove an analogue of Theorem 5.1
for functional differential equations. The results of this type were presented by
the author during the 9th International Symposium on Functional Equations,
Roma—Procchio, Italy, September 1971 (see [26]).
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